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An a lgor i thm is p re sen ted  for  calculat ing angular  coefficients for  i so the rma l  zones of complex 
shape in a t h ree -d imens iona l  region involving shadowing. 

I t  has  now become common design p rac t i ce  to compute the t e m p e r a t u r e  dis t r ibut ions  in ins t rument  r a c k s ,  
and a cons iderable  p a r t  is p layed in the heat  balance in such cases  by radia t ion,  which r equ i r e s  a compute r  
a lgor i thm to define the mutual  i r rad ia t ion  coeff icients  for  the components  of a t h ree -d imens iona l  mult icoupled 
object  of complex shape (as fa r  as  poss ib le  without r e s t r i c t ion) ,  which m u s t  be un ive r sa l ,  i . e . ,  appl icable to 
a wide range of objects .  

At p r e s e n t ,  these coefficients  involving bodies with par t ia l  shadowing a re  de te rmined  by expe r imen t  [1] 
o r  by Monte Car lo  methods [2], although in both cases  the accu racy  is r e s t r i c t ed .  Here  we p r e sen t  a n u m e r i -  
cal method and p r o g r a m  for  calculat ing the coeff icients  for  bodies in a t h ree -d imens iona l  region,  whose accu-  
r acy  is adequate fo r  engineer ing  purposes .  

We approx imate  the actual  s u r f ace s  within and on an ins t rument  sect ion (zones) as a r e a s  bounded by con-  
vex p i e c e w i s e - l i n e a r  su r faces .  The division into zones is made in such a way that the en t i re  su r face  of each 
zone may  be cons idered  as i so the rma l  and diffusely emit t ing,  namely ,  g ray  with a constant  degree  of b lack-  
ness .  This  approximat ion  is adequate for  engineer ing  purposes  and allows one to r e p r e s e n t  v i r tua l ly  any ob-  
j ec t  orovided that the number  of zones is l a rge  enough. Of course ,  r e s t r i c t i on  on the s to re  volume may  p r e -  
vent one f r o m  using a v e r y  l a rge  number  of zones ,  but zones dist inguished solely f r o m  geomet r i ca l  cons ide ra -  
tions may  often be combined into p i ecewi s e -p l ana r  i so the rma l  zones if there  a r e  no m a r k e d  d i f fe rences  in 
t e m p e r a t u r e  and b lackness ,  with the r e su l t  that the total number  of zones involved in the t he rma l  calculat ion 
p r o p e r  may  not be v e r y  la rge .  

The bas ic  purpose  of the calculat ion is to de te rmine  the m a t r i x  

% = /  ~2t . . . . . .  %2 �9 �9 �9 tp~ I' (1) 
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where  N is the number  of i so the rma l  zones;  for  each t e r m  in (1) we can wr i te  that 

1 ~ dFti ~ dePn,t2. (2) 
Ft 1 Ft~ 

This  model  (a se t  of p lanar  zones) al lows (2) to be rep laced  by the finite sum 

n i l  nl2 

~ ~ ~ "= = r 

where  nt 1 and nt2 a re  the number s  of p lana r  zones that s imula te  the i so the rma l  zones tl and t2, while 

where  ~i and ~j a re  the angles between the line joining any two points d i rec t ly  vis ible  one f r o m  the o ther  (un- 
shadowed) and the no rm a l s  to these .  
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T A B L E  I. A n g u l a r  C o e f f i c i e n t s  f o r  S u r f a c e s  in a C o n t a i n e r  E n c l o s i n g  T h r e e  Uni ts  
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The  i n t e g r a l  (4) can  be c o n v e r t e d  to a c u r v i l i n e a r  i n t e g r a l  o v e r  the b o u n d a r i e s  of the unshadowed  zones :  

1 In r u (dx,dx i -'r- dy~dy~ + dz~dzj). (5) 
% j  = 2aF-~--~t 

c i cj 

The  v i s i b i l i t y  cond i t ion  fo r  any two po in t s  in the  zones  i s  put  a s  

Ax~j cos ~zl + Ay~j cos ~i + hz i i  cos 7 ; >  0, 

- -  hxlj  cos % - -  hyfj cos ~j - -  Az~i cos 7: > 0. 
(6) 

The  q�ij a r e  c a l c u l a t e d  by f i r s t  a n a l y z i n g  w h e t h e r  zone i i s  v i s i b l e  f r o m  zone j ;  t h i s  w i l l  not  be so  if 

cos % cos % = 1 V (cos r cos tpj = - -  1 APi  -~ Pj = 0). (7) 

Z o n e s  i and j a r e  v i s i b l e  d i r e c t l y  f r o m  one a n o t h e r  if:  1) They  a r e  not  o b s c u r e d  by o t h e r  z o n e s ;  2) the 
l i n e s  of i n t e r s e c t i o n  of  the  p l a n e s  l i e  ou t s i de  the  e d g e s  of the z o n e s ;  and  3) any two po in t s  on the zones  a r e  
v i s i b l e  one f r o m  the o t h e r ,  n a m e l y  (6), a p p l i e s .  

Z o n e s  i and  j a r e  p a r t i a l l y  v i s i b l e  f r o m  one a n o t h e r  if  the edge  of one of t h e m  i n t e r s e c t s  the  p l ane  of the  
o t h e r ;  then  the convex i ty  of  the edge  m e a n s  tha t  the i n t e r s e c t e d  zone i s  d iv ide d  into  not  m o r e  than  two p a r t s .  
In  tha t  c a s e ,  the p r o g r a m  r e p l a c e s  the given edge  of the  i n t e r s e c t e d  zone by the p a r t  v i s i b l e  f r o m  the Qther 
zone.  

The  n u m b e r s  of the  zones  tha t  o b s c u r e  zones  i and  j a r e  d e t e r m i n e d  by t e s t i n g  the r a y  p a t h s ,  n a m e l y ,  
the p a r t  of s p a c e  con ta in ing  a l l  l i n e s  be tween  the s e t s  of  po in t s  in zones  i and j .  One e x a m i n e s  only r a y s  
j o i n i n g  a l l  the  v e r t i c e s  and the c e n t e r s  of  g r a v i t y  of the  two zones .  Some o t h e r  zone (a zone not  co inc iden t  
wi th  i o r  j) i s  an o b s c u r i n g  zone if  a r a y  p a s s e s  th rough  i t .  

A f t e r  the l a t t e r  t e s t ,  the c o e f f i c i e n t  i s  c a l c u l a t e d  by n u m e r i c a l  i n t e g r a t i o n  of  (5) if  t h e r e  is  no shadowing  
o r  f r o m  (4) i f  zones  i and  j a r e  p a r t i a l l y  o b s c u r e d .  

The  e d g e s  c i and cj a r e  p i e c e w i s e - l i n e a r ,  so the i n t e g r a l  of (5) can be r e p l a c e d  by the fo l lowing  sum of 
i n t e g r a l s :  

nwi nw] bti b.iJ 

' xm2j r = ~ In r u (dx.dxi~ q- dy~idyjj + dz .dz j j ) ,  (8) 

ii=l ]i=1 aii ajj 

w h e r e  nwi and nwj a r e  the n u m b e r s  of s i d e s  on the e d g e s  of zones  i and j ;  and a i i ,  b i i ,  a j j ,  bj j  a r e  the l i m i t s  
of i n t e g r a t i o n  a long  the s i d e s  i i  and j j  of zones  i and j ;  the i n n e r  i n t e g r a l s  in (8) a r e  c a l c u l a t e d  by S i m p s o n ' s  
m e t h o d .  
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Fig. I. Isothermal surfaces I-XI in a container and 
in the units. 

If there is partial shadowing, there are regions of discontinuity over the areas F i and Fj in the integrand 
in (4), which means that the integral of (5) cannot be used; the integral of (4) is replaced by 

.... 1 n~ ~) cos %i2 cos %~ AFiAF~ ' (9) 
q)~Jeh 2~F~ ~ ~ r~,~ i 

where ni and nj are the numbers of elementary areas in zones i and j visible from one another. 

Replacement of (4) by (9) results in an error that decreases as we increase the number of subzones in 
zones i and j, i.e., we perform successive approximations and calculate ~0ij by increasing ni and nj successively 
until the following condition is met: 

_it4-1 it ) 
abs [ v q e h -  q~qeh ~a+l ~-~ eps l, (10) 

Wiieh 

where  it is the n u m b e r  of the app rox ima t ion  and eps  1 is the accep tab le  e r r o r .  

Two types of decomposition into elementary areas are used in the integration; any zone whose principal 
projection is a rectangle is split up via a rectangular grid into equal elements approximating to squares. A 
polygon is divided up by its diagonals originating from the vertex of maximum internal angle to give triangles, 
each of which is itself split up by a network of lines parallel to the sides to give equal triangles similar to the 
initial one. 

The geometrical parameter that defines the dimensions of the initial decomposition is the dimension d/ 
representing the diameter of the average element for the region. The number of divisions for a triangular sub- 
region or for the shorter side of a rectangular region is increased by one on going to the next approximation. 
The iteration is terminated if (10) is met or if the number of divisions exceeds the acceptable number max n. 

The calculation utilizes the reciprocity relation 

%t,e.Fn = %=.nF~v (11) 

which means that only half of the matrix of (1) need be calculated; the correctness is tested by means of a clo- 
sure condition implied by the conservation of energy.. 

N 

Z cPt i '12 = 1. (19.) 
r  

The absolute error in calculating a single row in (1) is indicated by 

A r 

.v 
ll~l 

#, 

This algorithm has been used in an ALGOL-60 program for the BESM-6 computer; the input data consist 
of lists of numbers of the planar zones constituting the isothermal surfaces, lists of the numbers of the points 
describing the edges of the zones in the counterclockwise sense (from the end of the normal), and the array of 
coordinates for the zone vertices. 

The performance is illustrated by results for the coefficients within a container enclosing three units; 
the internal surface of the container and the surfaces of the units were split up into isothermal surfaces as 
shown in Fig. 1, while Table 1 gives the results as the matrix of the angular coefficients, 
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NOTATION 

0xyz 

r 
F i 
c~i,/~i, Yi 
abs(p i) 
ci 
rij  
AXij , Ayj, Azij 

is the orthogonal  coordinate sys t em;  
is the genera l ized  mean  coefficient  for  the i r rad ia t ion  of the i - th  zone by the j - th  zone; 
is the zone a rea ;  
a re  the d i rec t ion angles of hi ,  the no rma l  to Fi;  
is the length of radius  vec to r  Pi for  zone i; 
is the contour of the i - th  zone; 
is the d is tance  between points in the i - th  and j - th  zones;  
a re  the pro jec t ions  of rij  on the x, y,  and z axes.  
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Multiscale expansion is used in a sympto t i c  integrat ion of a s t eady-s t a t e  heat -conduct ion p rob lem 
for  a thin plate of per iodic  s t ruc tu re ;  r e su l t s  a re  p resen ted  for  the boundary l aye r  near  the end. 

The s ingu la r -pe r tu rba t ion  method has proved  an eff icient  means  of derv ing  approximate  equations for  
thin bodies;  for  ins tance ,  the method has been applied to the complete  equations in the theory of e las t ic i ty  to 
der ive  equations for  the bending of a plate [1, 2] o r  rod [3]. A s i m i l a r  method has  been used [4] in the theory 
of heat  c~nduction for  a t h e r m a l l y  insulated l a t e r a l  su r face .  A method has  been  given [5, 6] for  extending the 
technique to conditions of the th i rd  kind for  sma l l  va lues  of the Blot  number .  An approximat ion  has  also been 
cons t ruc ted  [7] for  the a sympto te  to a second b o u n d a r y - v a l u e  p rob lem for  a s e c o n d - o r d e r  ell iptic equation 
of gene ra l  f o r m  for  a region in which one dimension is  much l e s s  than the o thers .  

These  studies have envisaged e i ther  homogeneous bodies or  e lse  bodies in which the p a r a m e t e r s  va ry  
slowly in space;  on the o ther  hand, appl icat ions often involve inhomogeneous media  in which the p a r a m e t e r s  
v a r y  cons iderably  over  d is tances  smal l  by compar i son  with the length of the body. The s imp le s t  case is one 
where  the rapid  change is r egu l a r ,  e .g . ,  per iodic .  Bodies of r egu la r  s t ruc tu re  a re  of impor tance  in t h e m -  
se lves  in the descr ip t ion  of r e in fo rced  s t r u c t u r e s  [8] as well  as in the s imulat ion of i r r e g u l a r  inhomogeneous 
bodies ,  including random medi~. The asympto t ic  methods of [1-3, 5-7] a r e  inadequate for  media  with rapidly 
va ry ing  p a r a m e t e r s .  However ,  another  f o r m  of the s ingu la r -pe r tu rba t ion  method,  which is widely used in 
nonlinear  mechanics  [4], is then effect ive:  two-sca le  expansion.  He re  we consider  a s t eady-s t a t e  p rob lem in 
the theory of heat  conduction for  a thin plate re in forced  by a rod la t t ice .  I t  is a s sumed  that the t he rma l  con-  
ductivity of the r e in fo rcemen t  d i f fers  f r o m  that  of the m a t r i x  m a t e r i a l  and also that the t he rma l  contact  is 
ideal.  

The la t t e r  assumpt ion  is un impor tan t  for  the method given he re  and is made only in o rde r  to s impl i fy  
the expres s ions .  

Phys ica l  cons idera t ions  show that  such a re in forced  plate can be rep laced  approx imate ly  by a homo-  
geneous plate whose t he rm a l  conductivity along the rod di rec t ion is d i f ferent  f r o m  that along the t r a n s v e r s e  
d i rec t ion  if we a re  not in te res ted  in the detai ls  of the t e m p e r a t u r e  var ia t ion  over  d is tances  smal l  by c o m p a r i -  
son with the s ize  of the plate  in plan. He re  we provide  a just i f icat ion for  this subst i tut ion,  i .e . ,  we use the 
th ree -d imens iona l  conduction equation to der ive  a two-dimens iona l  one and cons t ruc t  an a lgor i thm for  ca lcula t -  
ing the co r rec t ions  to the two-dimens iona l  t e m p e r a t u r e  dis tr ibut ion.  This  method gives ,  in p a r t i c u l a r ,  
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